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Based on Peano kernel technique, explicit error bounds (optimal for the highest
order derivative) are proved for the derivatives of cardinal spline interpolation
(interpolating at the knots for odd degree splines and at the midpoints between two
knots for even degree splines). The results are based on a new representation of the
Peano kernels and on a thorough investigation of their zero distributions. The
bounds are given in terms of Euler—Frobenius polynomials and their zeros. © 1999

Academic Press

1. INTRODUCTION

Let s be a cardinal spline function of degree n defined over the uniform
partition Z of R [ 13]. The cardinal spline s is said to be the cardinal spline
interpolation of f at shifted nodes if for a given ve [0, 1] we have s(/+v) =
f(l+v) for all /e Z. Contributions on the analysis of the cardinal spline
interpolation problem have been done by several authors; let us mention
the important works of Schoenberg [ 13-15], de Boor and Schoenberg [2],
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272 DUBEAU AND SAVOIE

and Subbotin [ 17, 18]. This paper is a continuation of [ 7]. Based on new
representations (2.4)—(2.5) of Peano kernels, already known results of de
Boor and Schoenberg [2] and Schoenberg [15] are generalized and new
results are obtained.

The unique solvability of this interpolation problem for functions of
polynomial growth is well known (Schoenberg [13, 14], Micchelli [11],
ter Morsche [19,20], Dubeau and Savoie [6]). It happens under the
restriction

U;érn:{O(orl) for n even, (11)

3 for n odd.

Let us consider the function spaces

Ll (R)= {f: R—> R jb | f(x)] dx < oo for any interval [a, b] = R}
and
ACRT(R)
e | 0 SOV LL®)
_{fec B i) “forall [a, b] < R, f<")(x)|Z=§’;f‘"+”(x)dx}'

A function f is said to be of polynomial growth on R if there exists an
integer v >0 such that f(x) = O(|x|”) for |x| > + co.
For any fe AC!T'(R), the linear dependence relationships of ter

loc

Morsche [19, 20, 5] and the Peano Kernel Theorem [ 1, 4, 6] lead to

Pl E) fOU 1)~ phte ) (1) = Ko, e, 0) £ (0 +0) do

0

for any /eZ, ue[0,1], and k=0, ..,n, where E is the shift operator
Ef(t)=f(t+1), p,(v,z) is the generalized Euler-Frobenius polynomials
[33 19) 20]5 pl;;(ua E) :pn—k(u’ E)(E_I)ka and

01— o gy O 00
K(u,v,0)=p,(v, E) k) pou, E) PR

Let e be the interpolating error, e(x)=f(x)—s(x), and e® be its
derivative of order k. Then

n+1
pule, E) e +u)= [ Kiw,v,0) £ V(1 +0) db.
0
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Moreover, if £+ 1 is of polynomial growth, under (1.1) we obtain

e Ol +u) zjoo N¥u, v, 0) £+ 0) do,

where

N,'f(u, v, 0)=(u—9)'§r_k/(n—k)! —p(v, E)~! Dy ku, E )(v—8)" /nl.

Then, using (1.2) for f*"+Ye L*(R), we obtain
|e®(1+u)| < Ax(u, 0) | £+ V]|
for any ue[0, 1] and
1e®] o < AX(0) £+ V] oo

where

A )= INKw.v.0)] o

— 00
and

AX(w)= sup AXu,v)

n
uel0,1]

are the best constants.
For k=0 it can be shown [ 7] that

1 Enia(V)
AO g _g n+2
00 0) = gt | Gal) = 6 a) 20
and
1 |6, (v)|>
A0 _ & 1Pn+ 2171
0 =g, s (16,2001 + 14,10 60l

where &, is the Euler spline of degree n. Moreover,

|gn+2(un+l)|

2n+l >

min A%v)=A4%v,) =

n
o<v<l1
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where

- i for n even,
" 10 (orl) for n odd.

Let us point out that de Boor and Schoenberg [2] and Schoenberg [ 15],
using the fundamental cardinal splines, have already obtained (1.2) for
k=0 and v=v, and (1.8) for 4%v,).

For k >0, an upper bound for the constants 4%(u, v) and A%(v) obtained
in[7]1s

Ak(l)) < (n2/2)k—n

<— 1.9
S e @) (1.9)

From (1.8) and (1.9) for v=v,, it follows [e®| < B|f"*V| for
k=0, ..., n, where

(r*2)"

B =
n znn

(1.10)

This is a good bound for low values of k, but can be improved for large
values of k.

The goal of this paper is twofold. First, we present explicit exact expressions
of A¥(u, v,) for particular values of u, and exact values and/or good bounds
for A%(v,). Second, to achieve the first part, we are lead to find new
representations for the kernels which are useful to analyse their zero
distributions.

In Section 2, new representations (2.4) and (2.5) for the Peano kernels
are presented and properties are obtained. These representations are given
in terms of the roots of the Euler—Frobenius polynomials in the set .«Z,(v,) =
{aeR | p,(v,,x)=0 and —1<a}. In Section 3, we obtain the following
exact optimal constants for the case k=n

1 2 «
An(vn):An(O’ vn)zzi(n‘kl)aedn(un)l‘i‘a. (111)

To get similar expressions for A%(u, v,) for specific values of u and to
obtain bounds for 4%(v,) for k=1, .., n— 1, a thorough investigation of the
zero distributions of the Peano kernels is done in Section 4. Finally, the
bounds for the cases k=1, .., n— 1, are obtained in Section 5. We obtain
the relation

max{ A%(v, _r, v,), A5yt i1, Ua)}

<‘/4’;;(071)gfllr:(vn—k’ Un)+AIr:(vn—k+laUn)a (112)
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where  AX(0, 15 0) =6k a(Uu_s1)/275+, and the following
pointwise optimal error bounds for specific values of u:

(i) for n—k odd,

2 Pnill, )
AX =A%0,v,) =—— nk 1.13
n(Unfka Un) n( svn) I’l+1 “Eg(yn)(l_i_a)(l_a)n_k s ( )
(11) for n—k even,
Ak(u ks V) = Ak<1 >
n—Kk»° 2 n
_2 y apnk(l/Z,a){ 1 +pn+1(1 a) —Pasa(l/2— )}
n+ 1,y (1=20"" [1+a (=) prsltn. 2) '
(1.14)

Considering the preceding results for k =1, ..., n, we get the bounds

L k) <2 Y] (115)

—< —.
" k+1 " k

This last upper bound is better than B for large values of k.

ExaMmpLE 1.1. As special cases of our results, we obtain the following best
constants for quadratic and cubic splines:

(a) n=2 and v=v,=3 A33)=A430,3) =23, A33) =433 3 =5
A3 =430, ) =(1+2/2)/6;

(b) n= 3 and v—v3—0 A (0) Ag(; 0) =3, AY0)=AL0,0)=
A3(0) = 43(0,0) = /3/12, 4( = (1+./3)/4.

These constants also appear in [ 12 ] for periodic quadratic and cubic splines on
a uniform partition.

In the next two remarks we present only properties of Euler—Frobenius poly-
nomials used in this paper. For more details look at the indicated references.

Remark 121[3,8,19,20]. We can define the generalized Euler—Frobenius
polynomials p,(v, z) for all v € R by the formula

o0

pavE)= L Qntvp or G

(o)

pn(U! Z) (j+ 1 _v)n
Q= X g 7

j=—

(1.16)
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They satisfy the recurrence relation: py(v, z) =1, and for n >0
(n+1) pyia(v,2)=[(1—v) +(n+0v) z] py(v, 2) +z(1 =2) 0. p,(v, 2). (1.17)

In the sequel we will use the following consequences of the definition of p (v, z):

(i) pa(v+1,2)=2p,(v,2), (i) puv,2)=2"p,(1—0v,1/2), and pi(v,z)=
(0 /%) p (v, z)=(z—1)* p, (v, z) for k=0, ..., n.

Remark 1.3 [8,9]. Let (v)={aeR|p,(v,x)=0 and —1<a}. If
A(v) #J, set o, (v)=min{a | xe.(v)} and o,=a(v,). The decreasing
property of the main roots of the Euler—Frobenius polynomials [ 8] implies
that {o,} >, is a decreasing sequence of negative numbers lower bounded by
—1. Also, if n>2 and 1<k<n—1, there exists a unique u*e (0, 1) such
that (i) p,_x(1 —u*, a,)=0if n—k is odd, and (ii) p,_(t*, o,) =0 if n—k
is even. Moreover, u* e (0, 3), and if we set o%=p, _,(1, a,), then we have
0': — ( —1 )L(n7k+ 1)/2J.

2. PEANO KERNELS: IDENTIFICATION AND PROPERTIES

It is known that p,(v, -) has no zeros on the unit circle centered at zero for
v # t,. Therefore, p*(u, z)/p,(v, z) has a Laurent expansion on an annulus con-
taining the unit circle. Let this expansion be

[eo)

P, 2)/p(v,z) =Y b (u,v) 2, (2.1)
j=—o
where
& (1 0) lf AN (22)
) =— | L2 4 .
gt 2nile py(v,z)z/+ 7

C, is the counterclockwise oriented circle of radius r centered at 0, and
|r — 1| <9 for small 6 depending on v. Hence, the functions

-0 n—k o] i— )"
NKu, v, 0)=(LG_?€;! - Y i ,0)% (2.3)

are well defined. In this section we obtain representations and properties of
NX(u, v, 0) based on (2.1), (2.2), (2.3), and properties of Euler-Frobenius poly-
nomials p,(v, z). In particular, it is shown that if N*(u, v, 0) is defined by (2.3)
it satisfies (1.2). The results we obtain extend those of [ 2, 15] for N2(u, v,, 0).
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THEOREM 2.1. If either k =n and 0 # u or 0 <k <n, we have

(=0 1 Poill—u,z) p,(0—v,2)

_ i
Nk(u " 0): (n_k)' 2 c_, pn(l_U,Z) (1—2)"7k+1 Z
n\t Uy (_1)n7k+lw_ij‘ Pn,k(u,z) pn(U_H,Z) .
(n—k)! 27i <, pav, 2) (Z_l)n—k+1 .
(2.4)
Moreover,

(i) if either k=n and ue(0,1) or 0<k<n, then N¥u,v,j)=0
for jez;
(i) fue{0, 1}, then N(u, v, j)=0forjeZ —{u},and N(1,v,1%)=0
and N;(0,v,07)=0.
Proof. We first observe that using the change of variable w=1/z and
Remark 1.2, (2.2) becomes

1 PRl —u,z)z7 7!

k . = — d .
an,](u, U) i JCI_S pn(l o, Z) Z

Then from (2.3)

=0 * L Ph1—1.2) Tyer (0 =047 2/~
C

N¥u, v, 0) = -
W0 ) = T T e p1—0,2) n!

dz,

and from (1.16) we get the first expression for N*(u, v, 6). In the same way

_ n—k _
N,]f(u, v, H)z(u 0)+ 1 J pn—k(ue Z) Pn(U OaZ) d
Cl+e

(n—k)l  2ni pv.2) (z— 1 Er1 e

Let z=¢". Then

R e[ Pl ) plo—02) |

pn(U’Z) (Z_l)n_k+l

:Res|:ewpn—k(uae ) pn(v_oae ) :|

pn(vs ew) (ew_ l)nkarl =0
From (1.16), it follows that

pm(t; €W) e—(l—t)w dm e(l—t)w_ s w(_1)m+l
—e—U—nwl T

= _ 1 m+1 .
(1_ew)m+1 m! dWm 1—e" Wm+1 [ +0(W )]
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Therefore,

e(u—H)w ekl (u_e)n—k
R = Res W[1+0(W )] W=0:W.
This completes the proof for the second expression in (2.4).
For (i) and (ii), we consider only the case k=n and u =0, the other
cases are similar or simpler. Using Remark 1.2, the integral in the first line
of (2.4) becomes

dz=0

J‘ pO(laZ) pn(] v, Z) _j 1 Zjilpn(l_v,z)
o, pll—v,2) (1-2)! a_ pll—v,2)  (1-2)
for j= 1. From (2.4), it follows that (ii) holds for j>1 and u=0. If j <0,

the integral in the second line of (2.4) vanishes; it follows that
NX0,v,07)=0 and N2(0,v, j)=0for j< —1. |
It is now possible to express the kernels in terms of the exponential

splines of Schoenberg [13] (denoted %, , in the next theorem).

THEOREM 2.2. Let

pn(U—H, 0()

03 0) = 552 ol (L —a0)

then

N&(u, v, 0)

a
(I—q) =k =

(u_e)n—k pn—k(l_uaa)
A S Z fn—kr™ > "7
(n—k)!

(1—0;1—v) if 0>u,

ae o (1—v)

0—u)y " Pl ) ,
+ U, 0; 0<v.
( k) aeé(v)( 1)n k A ( U) !f <v
(2.5)

(_1)n—k+1(

Moreover, let v+#7,, and assume p,(v, o) =0. Then
() Uy o0 —j; 0) =0, (0;0),
(i) [ % o(0;0) dO=1/(n+1),
(iil) %, .(0;0v)=0 for 0[O0, 1].
Proof. Using (1.16), we observe that p,(0 —v, z) is a polynomial with
respect to z if 6 > v; this is not the case if § <v. Hence if § > v, (2.5) follows
from the Residue Theorem and (2.4). Similarly, using (2.4), we can show

that (2.5) holds if 8 <v. Finally, (i), (ii), and (iii) are direct consequences
of Remark 1.2. |
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As a result we obtain useful identities for N*(u, v, 0), in particular (vii)
below which has already been obtained in [2] for n even and in [ 15] for
n odd.

COROLLARY 2.3. Let N¥u, v, 0) be defined for any u,v,0eR by (2.4).
Then

(i) N¥u-+v,v,0)=N5u,v,0—v) for vez,

(i) N¥u,v,0)=N¥u,v+v,0) for ve Z,

Gil) N¥u, 0, 0)=(—1)" 5 N5 (1 —u, 1 — v, 1 —0),
(iv) NXuw,v,, 0)=(—1)""* 1 N1 —u, v, 1 0),
(v) NX0,v,,0)=(—1)""**1' Nk, v,, —0) for k<n,
(vi) N2u,v,0)=(—1)"*"N2%0—v,1—0v,u—v),
(vii) N2u,v,,)=(—=1)""'N%O—v,,v,, u—uv,).

We also have

(a) 0'NMu,v,0)=N""(u,v,0) for 1=0,.,n—k—1,
(b) 0F N Nu,v,0)=N"u*,v,0)andd; N*~*(u,v,0)=N"u",v,0)

where NI(u™, v, 0)=NXu~,v, 0) for u#0.

Proof. Parts (iii) and (vi) follow directly from (2.4). Parts (i), (ii), and
(v) follow from (2.4) and Remark 1.2. Part (iv) follows from (iii) and (ii).
Part (vii) follows from (vi) and (ii) if necessary. Finally, (a) and (b) follow
from (1.3) and Remark 1.2. |

In the next theorem, we prove the exponential decay property of
NX(u, v, -). This is a well known property for v=v, and k=0 [2, 15]. For
k=1, .., n it could be obtained from the case k=0 and Corollary 2.3(a),
(b). We also obtain (1.2) by integration by parts (for v=wv,, see also [ 15,
p. 87] for n odd, and [2, p.45] for n even).

THEOREM 2.4. Let v+#7,. Then, there exists a constant ¢ such that
|NK(u, v, 0)] <c[y|", (2.6)

where y =min{o,,(v), o,(1 —v)} for a,(v) defined in Remark 1.3. Also, if s is
the cardinal spline interpolation of degree n on 7 of fe AC}T (R) such that
s(l+v)=f(I+v) for [eZ, then e=f—s verify (1.2).

Proof. Inequality (2.6) is a direct consequence of Theorem 2.2(i) and
(2.5). Let s(0) = N¥u, v, 0) and w(0) = e(/+ 0). Using Theorem 2.2(i), (ii)
and the fact that e(/4+v)=0 for /eZ, it follows that the function
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sD0) w"=D(0) is continuous for i#n—k. In addition, if i=n—k, the
function has a unique discontinuity at 6 =u.

Since s and e are piecewise continuous, and e is of polynomial growth on
R, we obtain from integration by parts and (2.6)

[7 soywesvio) =

— O

(= 1)"sD(0) win=(0)| =

-

14

Then (1.2) follows from

(=)= *s0=R0) wh(0)| 2 o = (=1)"* [s"P(u) —s"=P(u=)] wh(u)
=w®u). |
Finally, let us evaluate G,(u) = /"' NXu, v,, 0) db, for je Z, in terms of

the roots of Euler— Frobemus polynomlals For j <0, from Corollary 2.3(iv)
we obtain G;(u)=(—1)"" kG_ ;(1—u). For j>1 we use (2.5), (1 —-v,)
—{0} =.,(v,), and Theorem 22(11) to obtain

pn—k(l —M,O() OCj
2

G(U):— n—k*
4 ve Ty (M (1 —a)"

(2.7)

For j=0, we have

k1 1 f Pu_il—u,2) p, (1—v,,2)

(i—k+ 1) 27 dz.
(n—k+ 1)1 2mide, . pol—uvyz) z(1—zp—k+1 @

Go(u) =

Since p,(1 —v,, z) =2zp,(v,, z) for v,=0 and p,(1—v,, z)=p,(v,,z) for
v, =13, then

n—k+1

uj_ij’ pn—k(l_usz) pn+1(vnsz)
(n_k+l)' 2mi & pn(Un,Z) Z(I—Z)n_k+l

Using the Residue Theorem, (1.17), and p,(¢, 0) = (1 —t)%/I!, we obtain

dz.

Go(u) =

un—k+l un_k(l_vn) pn—k(l_ua 0() O(j
- X

G = G A D =kl + 1), (kD1 —a) F

(2.8)

3. THE CASE k=n

In this section we obtain values of the bounds A4)(v,) in terms of the
roots of p,(v,, ).
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Proof of (1.11). From (2.4) we have

f1(0)=L1—H"(1,0) if 0<u,

N (u,v,0)= {—fz(e) —1—H"uv,0) if 0>u,

where

1 —
e 0= | {pn(e 0,2)_ plv—0,2)] d: )
47” Cy_, pn(l v, Z) pn(vﬂz) (1_2)
which is independent of u. From Theorem 2.1 we have
i for j=0, -1, -2, ..
Hn . — 2 b 2 2 2 -2
(0 ) {—5 for j=1,2, .. (3:2)

Moreover, from (3.1) we obtain H!(v,0)=—H!1—v,1—0) and
H(0,0)=H2(1, 0). It follows that

H"(v,, 3+0)=—H"v,, s—0). (3.3)

Let O0g=1—0 and O,=1—0g. Using (3.2) and Rolle’s Theorem,
0pH(v,,0) is a spline of degree n—1 having at least 2/—2 zeros on
(0., 0g)— (0, 1). Also, the Budan—Fourier Theorem for splines [ 15, p. 163,
Theorem 4.58] implies Z g, ,)(0gH,(v,, 0)) <2]—2. Then, 0,H,(v,, 0)
has no zero on (0, 1). Using (3.2), it follows that H(v,, -) is decreasing on
(0, 1). Since NX(u,v,,0”)=N*u,v,,1*)=0 and H?(v,,-) is decreasing,
we have from (3.2) that

>0 if 0e(0,u),

sign N,\(u, v,, 0) {<() if Oe(u 1)

Using (3.3), we obtain
1 '}
A, 0,) = [ IN, 0, 0) dO+2 [ N2, 0, 0)] dO.
0 1
Since N”(u, v,, -) has no zero on (j, j+ 1) for je Z—{0}, we have

1
Ajfaev,) = [ ING(w 0, 0)] O +2

o j+1
Z f N™(u, v,, 0) dO|.
= J
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For the first integral, we have

1
[ 1Nz, 0, 0)1 a0
0

:L“fl(e) d@-l—Ll /2(0) d0<ma><“ N0 f S0 }

where f}, resp. f5, is increasing, resp. decreasing (since H,(v,, -) is decreas-
ing on (0, 1)). It follows from (2.8)

[ Vit v, 00 do <[ N30, 0,00 do
1
= — [ N20.v,,0)d0 = —Gy(0) =}
0
because the cardinality of the set .Z,(v,) is |.Z,(v,)| =[n— 1+ 2v,]/2. Since

(=1)7*1 Gy(u)

J
1

I8

(fl)fJH N'(u e)de‘z

ana
1 J

o
I8

J

and G;(u) =G,(0) for j>1, we have

J

ANu,v,) <AN0,0,)=—Gy0)+2 i (=1)7*1G,(0). (34)

j=1
Then we obtain (1.11) from (2.7)-(2.8). 1

Remark 3.1. The sign structure of N(u, v,,-)=09"N2(u, v,, -) obtained
in the first part of the previous theorem can also be obtained from the
result of [2] which states that N2(-,v,,0) changes sign precisely at
integers and 03N2(u, v,, -) changes sign strongly precisely across each
knot, hence in Z U { }. The proof can be sketched in two steps. First, using
the latter result and Corollary 2.3(i), the sign of d3N2(-, v,,, -) is deduced.
Second, using Corollary 2.3(vii), it follows that NZ(u, v,,-) changes sign

strongly at integers and at 6 =u.

ExampLE 3.2. Exact evaluation of AJ(v,) for n=2 and 3 using (1.11).

i) For n—2 pz—(z, =(1+62+2%)8, H(L)={-3+2./2},
and A3(3) = +2f/6

(ii) For n—3 p302) (14+4z+22)/6, AH0)={—2+./3}, a
A3(0) =43 (1+/3)/4.
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To obtain estimates for A7(v,) we use (1.11), the cardinality of the set
<,(v,), and Cauchy—Schwarz inequality to get

(1—-v,) 1 l—oc<(1—v,,) 1

(n+1)+n+la€§n(%)l+a\(n+l)+n+l (35)

A(v,) =

n

|- ()2 1,2

“*n

But from [8]

1—a\?> 8
I,= ), <1+a> <;(n+1)(n+2).

Then we obtain

I (1—v,) 2
<4, < =5 1<2 L. 3.6
y SIS G TV IS (36

4. THE CASE 1<k<n—1:ZEROS OF THE KERNEL N¥(u, v,, 0)

This section is concerned with a thorough investigation of the zeros of
the kernels N*(u, v,, #) which will be useful to get an upper approximation
for AX(v,). Since we consider only v=uv, in this section, we will use
Nk, 0) for N¥u, v,, 0). Our method to obtain a good approximation is
based on the determination of the sign of the kernel N¥(u,-), which is
directly related to the nature of its zeros.

4.1. Budan—Fourier Theorem for Hermite—Birkhoff Splines. The kernels
NX(u, 0) are examples of Hermite-Birkhoff splines (HB-splines). In order
to obtain information about the zeros of N*(u, 0), we will use the Budan—
Fourier Theorem for HB-splines obtained in [10]. This theorem and
related notation and definitions are briefly explained in this section.

Let I1:a=xy<x,< --- <x,,=b be a partition of the interval [a, b].
For m and n given, we denote by F a (m+ 1, n+ 1)-matrix in which all
entries are 0 or 1. F is called an incidence matrix.

We define the space of HB-splines by

s(x)=0forx¢[a,b];
(F)=<5:R>R|s|_, x)I1s a polynomial of degree at most n;
s (x7)=s"")(x}") for all (i, j) such that F, ;=0

By a block in F we mean a sequence {(i, j)}, j=k, .., k+[—1, with
F,,=1,and F,;,_#1#F,;,,;}. The block is called even or odd as / is
even or odd. We say the block is supported if there exists i, i, j;, j, With
I <i<iy, ji1, o<k and F; ; =F; ;=1 We let b(F) denote the number

of supported odd blocks in F.
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We now describe how to count the zeros of an HB-spline s. For any
number ¢ we shall write

-1, <0,
s(e)” (s(e)T)=<0, if s(x)< =0,
1, >0,

on (¢c—d,c) (or (¢, c+0)) for some § >0.
Now suppose we have numbers o < f such that f(x)=0 on («, f) and

s(a) " #0#s(p)*. Define =0, r=0 by s(a”)=--- =s'"D(a")=0,
sD() = #0, s(BF)=--- =s""D(BT)=0, s(B)* #0, and set s =min(/, r).
Then we say that [a, ] is a zero of s of multiplicity M, where

_{m, if a=pfands(a)” ()t =(—-1)",

S lm+1, otherwise.

Moreover, if o < f we say that [a, f] is an interval-zero of s of multiplicity
M. Finally, an interval I such that I=[a, f§) or («, b], where s(x) =0 on
L, is said an interval-zero of multiplicity 0.

Let Z(, )(s) be the number of zeros of s on (a, b) counting multiplicity.
For a real vector w=(wg, .., w,), let S~w, resp. S*w be the minimal,
resp. maximal number of sign changes in the sequence w achievable by
appropriate assignment of signs to the zero entries of w. If S~w=S"w, we
denote their common value by Sw.

THEOREM 4.1 [10, Theorem 2.1, p.453]. If s€{(F) has exact degree n
(that is, s is not the zero function and s+ (x)=0 for all x), then

Zap(5) < S‘(s(a*) o (@) =SH(s(b7), ..., s(b7))

+Z ZF +b(F

i=1 j=0

4.2. Peano Kernels N¥(u,-) as HB-Splines. From the representation
(2.3) it follows that NX(u,-) is a HB-spline of degree n with knots
(v,+ Z) U {u}. Considering the zeros of N¥(u, -) as defined for HB-splines,
we observe that the zeros of N*(u, -) are either usual zeros of a function
(/=r=m) or interval-zeros.

Let b=0zr=1—0 and a=60,=1—04 for /=1 and J > 0. The incidence
matrix F has the following form for the different cases »n (v,) and u:

(i) modd(v,=0). For u#v,, Fis a (2/+ 1, n+ 1)-matrix such that
2 ;Fi;=2[—1 and b(F)=1. For u=v,, Fis a (2/, n+1)-matrix such
that 3, ; F;, ;=2/—1, and b(F)=0 for k=1, b(F)=1 for k> 1.
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(ii) neven (v,=3). For u#v,, Fisa (2/+2, n+ 1)-matrix such that
2. ;F; ;=2 and b(F)=1. For u—un, Fis a (2141, n+ 1)-matrix such
that 3, ; F; ;=2[, and b(F)=0 for k=1, b(F)=1 for k>1.

In summary, we have

ZF,;j—l—b(F)=21+1—5’1‘5;‘n—n(m0d2), (4.1)
LJ
where 62 =1 if a=p or 0 if « # .

4.3. The Number of Zeros of N¥(u,-). We already know from Section 2
that N%(u, /)= 0 for /e Z but we did not show that those zeros are isolated
or not. The main result of this section is Theorem 4.5 in which it is shown
that almost all kernels N*(u, -) have only isolated zeros (no interval-zero)
and at most one more zero which depends on u.

Using Theorem 4.1 where the count of zeros of N*(u,-) is done on an
interval [a,b]=[0,, 0x], we obtain Theorem 4.5 in three steps. First, in
Theorem 4.2 we analyse the sign structure of the kernel N*(u, ). Second, in
Theorem 4.3 we obtain the cases for which an interval-zero exists. Third, an
upper bound and a lower bound are given in Theorem 4.4 for the number
of zeros.

THEOREM 4.2. Let

(1) r;(v, ) be the number of roots of p;(v, z) which are greater than
{ where —1<({<0,

(1) Ogr=1—0, 0,=1—0g where [ is a sufficiently large integer and
0>0, and

(ili) u* as defined in Remark 1.3.
The kernel N¥(u, -) has the following sign properties.

(1) Let wy, be the smallest value of <, (v,) such that p, _,(u, w;)#0,
and 6 >0 be sufficiently small. If w; exists, then

sign[ Nyj(u, 0,)1=(—=1)""**"*sign[ p, _,(u, 0.)], (4.2a)
there exists a constant C, = +1 independent of j and | such that
sign[ 0N p(u, 07)] = Cr(—1)'sign[p,_,(1 =6 —v,, )], (4.2b)
and

Sp =S (NK(w, 0,), 09N (tt 0,), s 4N (u, 0,) =11 — v, 0,).  (43)
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(2) Let wg be the smallest value of <Z,(1—v,) such that
Pu_i(l1—u,wg)#0, and 6 > 0 be sufficiently small. If w g exists, then

sign[ Nyi(u, 0)]1=(—1)"sign[ p, (1 —u, wg)], (4.4a)
there exists a constant Cg= +1 independent of j and [ such that
sign[ 09N y(u, 0g)] = Cr(—1)"*'sign[ p, (1 =0 —v,,0p)],  (44b)
and
Sk =ST (N u, 0g), 0gN*(u, Og), ..., 08N¥(u, Og)) =n—r,(1—v,, wg).
(4.5)
Moreover,

(1) ifu¢{ul,1—uk} then a,=wr=0w,;
(i) if wg#a,, resp. wp#a,, then w;,=a,, resp. Og=a,.

Proof. From (2.5),

Z pn—k(l_una) pn—j(l_(s_vna(x)(xlfl‘

Jj Nk =(—1)/+! -
OpN(u, Og) =(—1) (1—o)"*1=%=7 9 _p(l—v,, a)

ae.,(1—-v,)
For large enough /, we obtain
sign[ 05N (1, 0)]

pnfk(l_u’ wR) pnfj(l_(s_vnan) I—
ntl—k—j Wg
(l_wR) / azpn(l_vnaa)R)

= Cgsign[(=1)"*'p, (1 =3d—v, wp)],

1

=sign | (—1)/*!

where Cr= +1 but is independent of j and /. Hence, (4.4b) follows. Using
a similar argument, (4.4a) follows from (2.5) and Theorem 2.2. It follows
from Corollary 2.3(iv) that 04N u, 0,)=(—1)""* 1IN 1 —u, 0p),
and (4.2) holds. As a direct consequence of the interlacing properties of the
roots of p,(v, z) we have

ST(Po(, O); s Pil0, 0)) = 14(v, {) (4.6)
from which we obtain
St =n—S"(N¥u, 0g), ... (—1)" 05N (u, 0g))
=n—S8"(pl =0 —=v,, Wg), .. po(1 =0 —v,, Wg))

=n—r,(1—0—v,, wg).
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This implies (4.5). The proof of (4.3) is similar. We obtain (i) and (ii)
directly from Remark 1.3. |

The occurrence of an interval-zero is based on the following two obser-
vations [9]. First, assume /= [a, 8] is an interval-zero of N¥(u, -): if > u
then (i) wg does not exist, w;=a,, and u=2v,_,+(—1)""F+1yk
(ii) [max{l—v,,u}, )=l (ili) ae{u, max{l —v,,u}}; if a<u then
(iv) w; does mnot exist, wg=ua,, and u=2v,_ ., +(—1)""*uk (v)
(— oo, min{v,, u}] <1, (vi) fe{u, min{v,,u}}. This fact can be proved
by considering N*(u,-) as a HB-spline on the interval [a, b]=[0;, 0¢]
with knots U=[(v,+Z)u {u,a,b}][a, b]. Second, if N%(u,-) has no
interval-zero, then there exists w; €.</,(v,) such that p, ,(u, w;)#0, and
there exists wze </,(1 —v,) such that p,_,(1 —u, wg) #0.

TuEOREM 4.3.  NX(u, -) has no interval-zero I on R if and only if n=2 or
3 and ue {u*, 1 —u*}. Moreover, when an interval-zero exists

no

(—OO,Un] U( uzzvn_k+1+(_l)”_kuk

no°

_{[l_vn’ OO) !f u=20n_k+(—1)"—k+1uk

and all isolated zeros of N*(u,-) are simple and in 7.

Proof. If N%(u, -) has an interval-zero, it follows from the first observa-
tion that ue {u*, 1 —u*}. Assume u=u* and wy does not exist (the other
cases are similar). Then, w;=a,, N%u%, .) is of exact degree n on
(— oo, u¥], and N5(u*, 0)=0for O e [1, o) where 0 <¢=max{l —v,, u} =
1 —v,. From Theorem 4.2, we have

ST(N(uy, 0p), s OGN (1, 01)) =1,(1 —v,, )
and
SH(N X, 1), .., OpN Uk, 1)) =n
since at most 03 N¥(u*, t) is non-zero. It follows

n+2 . .
— if niseven

Se, =S =r1—v,,0,)—n=

L s odd.

Considering the HB-spline N%(u*,.) on the interval (0, 1), it follows that

Y Y F ;+bF)<I+1
L
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Moreover, from (iii) of the first observation, N%(u*,j)=0 for j=0,

—1,..,2—1[ and these zeros are isolated. Hence,
[ —g if miseven,
I*I<Z(9L,t)(N§(“§,'))< P

l— if nisodd.

2

This implies that n <2 if n is even, and n <3 if n is odd. Moreover, in these
two cases it follows Z, (N k(uk,.))=1—1 which implies that all isolated
zeros are simple and element of Z.

Conversely, if =2 or 3 and ue {u*, 1 —u*}, we present explicit expres-
sions for N%(u, -). For n=2 and k=1 we have

(0—ul), =2/ 2ul(0+ /20> for 0<O<L,

1 1 9 —
Naluz, 0) {o for 0>1,

where u§=(2—ﬂ)/4, hence I=[3, o). For n=3 and k=2 we have

O—ud), —uX(1—0) for 0<O<I,

2(,,2 _
N3(u3,6)—{0 for 0>1,

where u§=(3—\/§)/6, hence I=[1, o). For n=3 and k=1 we have

(I—uh)—0)22—(1—ul)>(1-002 for 0<0<],
11 _ 1 p9y— 3 + 3
Nyl —us. 0) {0 for 0> 1,

where ul=1/2+./3 (1—./2)/6, hence I=[1, ). 1

TueoreM 4.4. If N¥u,-) has no interval-zero, then Z(aL,aR)(N];(”, )
>2/—2. Moreover,

() for n=2, if u¢ {uy, 1 —ul} then Zy o (Ni(u,-))<2[—1.

(i) for n=4, if ue{uy, 1 —ul} then Zy o (N(u,-))=2[—2. Also,
either wg or w; is equal to a,, the other one is the second lowest value
of (v,).

As a consequence N¥(u, -) has an even, resp. odd, number of sign change on
(02, 0) if Z(o,, 00 (Ni(u, -)) is even, resp. odd.

Proof. If N(u, -) has no interval-zero, the zeros of N%(u, -) are isolated.
Since Ny(u,j)=0 for j=—142,..,1—1, then Zy 4 (Nx(u,-))=>2[-2.
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To obtam (1) we use Theorem 4.2 for u ¢ {u*, 1 —u*}. 1t follows that S; =
r.(1—v,,a,)=n—S}%. Therefore,

-2 if niseven,;

SL——S;:—n+2rn(1—vm°<n)={_1 if nisodd

(4.7)

The result follows from (4.1), Theorem 4.1, and (4.7). To obtain (ii), let us
suppose that n—k is even (the case n—k odd is similar). We have
Pn_i(U¥,0,)=0 and p,_ (1 —u* o,)#0. Hence, wrp=a, and since
N¥(uk, .) has no interval-zero it follows that w, exists by the second obser-
vation. From Theorem 4.2

_ —2—j if niseven
SL _SIJQF = _n+rn(1 — Uy, an)+rn(1 _Unwa)z{_l _] if nis Odd,
where j is the number of elements in .<Z,(v,) smaller than w;. Therefore, we
obtain

Zo,, 00 Ni(ul, ) <20—1—j.

It follows that j= 1. Finally, if N%(x, -) has only isolated zeros, the count-
ing procedure of zeros used here preserves the parity between the number
of sign changes and the number of zeros on an interval. If N¥(u, -) has an
interval-zero, it is a end interval-zero from the first observation. Since these
intervals have multiplicity 0 from the definition, the desired result holds
also in that case. ||

From Corollary 2.3, the kernels N%(u,-) have the following special
properties:

(i) N%(0,-)is an even function for n —k odd and an odd function for
n—k even. It follows that =0 is a double zero of N¥(0, -) for n —k odd,
and Z 4 (N%(0,-)) =2[—2 for n—k even.

(i) N%3%,%1+) is an even function for n—k odd and an odd func-
tion for n —k even. It follows that @ = 1 is a simple zero of N%(%,.) for n —k
even, and Z, o (Nk(3,-))=2[—2 for n—k odd.

Let

gk {ue[O 1]

N*(u, -) has no interval-zero on R, and
there exists [0, Og] such that Zy, 4, (N, Ku, - ))=21—1

N*(u, -) has no interval-zero on R, and

k_luelo, 1
I {”e[’ ]forall[OL,f)R]wehaveZ(gL o (N5(ut, ) = 21— 2}
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We have
I Ir=0, (4.82)
for n=2or3, [0, 1]—s50 7k={uk, 1 —ut}, (4.8b)
for n>=4, IO g =10,1]. (4.8¢)

The preceding results and Corollary 2.3 lead to the following theorem.

THEOREM 4.5. The zeros of N%(u, -) are related to the intervals 5% and
S in the following way.

(i) If ue #%, then 7 is the set of zeros of N¥(u,-), and these zeros
are simple and isolated.

(i) If ue g%, then the set of zeros of N¥(u,-) is Z U {y*(u)}. If
k(u) ¢ Z, then all the zeros are simple and isolated. If W (u)e Z, y*(u) is a
double zero and all other zeros are simple. Also,

Yh(u) + k(1 —u)=1. (4.9)

(iti) If n=2 or 3, and ue{u,1—u*} then N¥u,0)=0 on 701
where I is of the form (— oo, v, ] or [1 —v,, 00) (see Theorem 4.3) and 7 — I
is the set of isolated simple zeros.

4.4. The Sign of the Kernel N¥(u, 0). Let u¢ {u*, 1—u*}, and consider
[ sufficiently large. It follows from Theorem 4.2 that
Sign N:(ua HR) = ( -1 )l Sigl’l pnfk(l —Uu, an)a
Sign Nﬁ(“? eL) = ( -1 )nkar t+ Sign pnfk(ua O(n)'

Hence

(—1)'sign p, (1 —u,a,) for Oe(l—1,1),

(_1)n7k+1+l

. Nk 0 —
sign Ni(w. 0) { sign p,_elu,a,)  for e(1—12—1)
(4.10)

for sufficiently large /. It follows
Slgn[Nﬁ(u, HL) Nﬁ(ua HR)] = ( - 1 )n—k+l Sign[pn—k(l —u, O('n) pn—k(us O(n):l'
But

it we(uk, 1—ub),

signl o (1) po sz )= {1 ML
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Hence,

(D" 510 e (ub, 1 —ub),

sign[ Nyae, 00) No(u Or) ] = {( )k it uel0,uk) (1l —uk, 17.

Using the last equation, and the last statement of Theorem 4.4, it follows
that

Sh=

n

(uk, 1 —u¥) if n—kiseven,
[0, u*)u(1—uk 1] if n—kisodd,

and #* is defined to satisfy (4.8).
Using (4.10), Remark 1.3, and Theorem 4.4, we obtain the sign of
N¥*(u, 0) as indicated in Figs. 4.1 and 4.2.

THEOREM 4.6. Let ©(0)=(—1) if 0e(l,I+1). fue s~ and 0 ¢7,

O signp (- for 0> k),
sign Ny(u. 0) = {< 1y (0) sign pa_x(way)  for O<yku)
4.11)

and if ue g%,
Sigl’l Nﬁ(ua 6) = _T(H) Sign pnfk(l —u, an) = ( - l)nik T(H) Sign pnfk(un O(n)'

Proof. Since the sign changes of 7(0) and N¥(u, 0) occur respectively at
each 0eZ and 0eZu {yXu)} or 0eZ, we obtain the result from
(4.10). 1

4.5. Properties of Y*. 1In this section the monotonicity and differen-
tiability properties of ¥ are established in Theorem 4.14. To obtain these
properties we analyse the inverse function u* of y%.

THEOREM 4.7. Let n —k be even. There exists a unique increasing continuous
Sunction p*: [3, 00) >[5, 1—u*] such that p*(Y*(u))=u for ue[3, 1 —u).
Moreover, u*(3*)=1, and

(i) if n=23, uy is strictly increasing on [ 3, 1] and u3(0)=1—u3 for
0>=1 (see Fig.4.3);

(i) if n=4, u* is strictly increasing on [%, 00) and lim,_, ,, ©*(0) =
1 —uk (see Fig. 4.4).
We can extend u* on (— oo, 3] such that u*(3—0)=1—u*(3+0).

Proof. Let 0e(1, c0) and 0¢ Z. Then N%(-, 0) is a polynomial of degree
n—k. Considered as a HB-spline, its incidence matrix in [0, 1] has two
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"(}‘( Q‘v\: . ~ok :( -cr}f
___/.__/~ _/__K_l'/ﬂf _ﬂ_____/_///////_//__w/ _____
P R R I R
Un
B AVeAYY, AT ST 7T ya 7_—__
v ///////////// //////////
2 e w0 -ek gk - 3 CANC
FIG. 4.1. Sign of N%(u, 0) for n—k odd and oX=(—1)"=#+1D2,
u
G}\( - 1 o¥ - c-r\“ q, .E( —o¥
S Lo i __ _ - | -
////////c///“///////// ///L
= - — -6, o, =0 7 n
WYY /// QNN NP i I
ey -gk - ak 0 ok | T 2 -k 3 ok 6
FIG. 4.2. Sign of N*(u, 0) for n—k even and o*=(—1)""%"2,
u
= + ! = + - +
[ UV N o 5 T
- + - + - + -
w7 T R I
-2 + -t - [/ + { - 2 + 3 - 2]
FIG. 4.3. Sketch of u;
u
o —a o - o —ak
U S A . 3 R A R R
e E et T |
B e ey et e L
-2 -k -1 o 0 - i ok PR 3 o 3

FIG. 44. Sketch of ¥ for n>4 and n—k even.
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columns. Then Y, ; F; ;=0 and b(F)=0. Also from Corollary 2.3(a),(b),
Theorem 4.6, and (4.6), we obtain

S(; = S(pnfk(la O(n):pnfkfl(ln 0(”), "'Dpl(lﬂ an)) pO(la an)))

S1+ = S(pnfk(oﬁ O(n)a DPn—k— 1(03 O(n)» '--apl(oa an)s pO(Os O(n)),

and S, — S| = 1. Then from Theorem 4.1, 0 < Z, 1,(N%(-, 0)) < 1. More-
over, since sign[ N%(3, 0) N&(1,0)]= —1, then Z, ,(N%(-, 0))=1. Hence
uy(0)=1—u}, and for n >4, p5(0)e (3, 1 —u).

For e (%, 1), N%(-, 0) is a HB-spline of degree n — k with a unique knot
at u=0 on [0,1]. Its incidence matrix is such that 3,/ F, ;=1 and
b(F)=0. Also

So =SPu—ill,2,), pr_—1(1, ), s pi(1, ), po(1, )
SE=8S((=D)"" p, (L, (=1)""*""p, (L a,), ..
—pi(L o), po(1, )
=n—k—=S(p, (1, 2,), ppr—1(1,2,), s pi(L, @), po(1, ).

Hence, we have S, — S =0 for n—k even. Then 0<Z, ;,(N4(-, 0)) < 1.
Moreover, since

sign[ Nj(3, 0) Ny(1,0)] = —1,
then Z (N%(-,0))=1 and u%(0)e(3,1—ul). Lemmas4.9 and 4.10

complete the proof. ||

THEOREM 4.8. Let n—k be odd. There exists a unique increasing continuous
Sunction p*:[0,00)—>[0,u%] such that p*(y*u))=u for uel0,ur).
Moreover, u*(0*)=0, and

(i) if n=2, u} is strictly increasing on [0, 1] and u(0) =u} for > 1
(see Fig.4.5);

FIG. 4.5. Sketch of u}.
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+ - i + + - +
T e | R R
- + - + - +
SR R EEE A R
- - + o N , - 2 p -
FIG. 4.6. Sketch of 3.
(i) if n=3, u3 is strictly increasing on [0, 1] and u3(0)=u3 for 0> 1

(see Fig.4.6);

(i) if n=4, u* is strictly increasing on [0, ) and lim,_, ., u*(0)
u* (see Fig.4.7).

We have also a second function pi*:
A0 =1—u(1—0) for Oe(—0, 1]

Proof. For Ge (1, 0) and ¢ Z we proceed as in n —k even case and
obtain 0<Z ), (N%(-,0))<1. But since sign[ N%(0,0) N3, 0)]=—1
then Z, (N4, 0))=1. For 0e(0,1) we obtain S, —S; =1, and
consequently 0<Z, ,(N%-,0))<2. But sign[N%(0,0) N%(3,0)]=
sign[ N%(3, 0) N%(1,0)]= —1 and Z, ,,(N%(-, 0)) =2. From Theorem 4.4,
we obtain u(0) € (0, ul) for O (0, 3), u5(0)=uj for 01, 1), and for n >3,
1k(0)e (0, u*) for O (0, 1). Lemmas 4.9 and 4.10 complete the proof. |

—o0, 11> [1—uk, 1] such that

LEMMA 4.9. The function u* is strictly increasing on the set of non-
integer 0’s such that

n—kodd,
n—k even.

(0, uy)

(%5 1 _uﬁ)

for
for

Proof. Let us remark that the assumption on the #’s implies that
uk(0)e.s5. We proceed by contradiction to get the result. Let (x%(0,), 0,)

ﬂfme{

W k k
—-G,L\‘ d‘:‘ ( “Sp -Cn O —-Cfnk
I T P P T
S ~Cn S - T T —-q5
U R e R e B=L L L I
-2 PAS - -ax 0 —ax 1 o [ 3 o 6

FIG. 4.7. Sketch of ¥ for n>4 and n—k odd.
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and (¢%(0,), 0,) be such that 0, <0,. The case u*(0,)=pu*(0,)=u is not
possible, otherwise ¢, and 0, would be two non-integer zeros of N*(u, -),
which is impossible from Theorem 4.5. If u*(0,) > u*(0,), let 0€(0,, 0,)
such that Oe(l, 1+ 1) for some /eZ. Let n—k even. Since y*(1)=1 and
1<0,<0,, it follows from Theorem 4.6 that

sign N(3, 0) = —(0) sign p, (1 -3, a,),
sign Ns(15(0,), 0) = (0) sign p,, _x(5(0,), &,) = 7(0) sign p,_x(3, ),
sign Ni(u5(0,), 0) = —(0) sign p, (1 —uy(0,), 2,)
= —7(0) sign p,_i(3, %,)-

This implies the existence of at least two zeros for N%(-,6) which is
impossible. Finally, using ¥%(0)=0, 0 <0, <0,, we obtain similarly the
result for n—k odd. ||

LemMA 4.10.  The functions u* can be defined for 0 € 7 in such a way that
they are continuous.

Proof. Fix 0 and consider the limits u_ =lim,_ ,- u*(x) and u, =
lim, _, g+ u¥(x). These limits exist from Lemma4.9, and u_ <u,. For
0¢ 7, from the continuity of N%(-,.), we obtain N%(u,,0)=0=
N¥u_, 0). Then u, =u_ =u*(0) because the zero is unique. For §e Z, if
u_<u,, let ue(u_,u,). Then sign[N*(u, 0—¢) N¥(u, 0+¢)]=1 for
0<e<1. Hence 0 is a double zero of N*(u,-) and hence 0,N%(u, ) =0.
But d,N%(u, 0) is a polynomial of degree n — k in u which is then identically
zero on (u_,u,), and hence on (0, 1). But this implies ¢ is at least a
double zero for any u (0, 1) which is impossible. ||

As a consequence of the sign structure of N%(u, §) and Corollary
2.3(a),(b), the functions u* are separated as follows (see [9]):

(i) wu"~Y0)<0 for 6 (0,17;

(i) for n—k>=2, we have (—1)""%uX0)>(—1)""%uc+1(0) for
0e[0, o).

Finally from Corollary 2.3(a),(b) and the Implicit Function Theorem, we
can show [9] that the function u* are continuously differentiable functions
for 0= 0 such that Du*(0) >0 except where u* is constant. It follows that
their inverse functions y* are continuously differentiable, strictly increasing
on J* and Dy*(u)>0.
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5. THE CASE 1 <k<n-—1: VALUES AND BOUNDS
FOR A’;(u, v,) AND Aﬁ(un)

5.1. Error Bounds. In this section some results are given in terms of
n-degree Euler splines &, (see [13, p. 153; 7]). In particular we will use
the inequalities

1 2 2n+1 7Z2 2 2n 2 J
aa(3)|2(G) 0 oI () gawiz(3)

(5.1)

and the relation

Pty =) =(=1)" &, 11 ().
THEOREM 5.1. Let u¢ 9%, Then

A, v,) =16, gy o(u)]/277FF L

Since v, _, 1¢I5, it follows

ne

maXA ( ):Aﬁ(vn—k+lavn)'
u¢.}’

Proof. For u¢.#% the sign of N%(u, 0) alternates from one integer
to another. Let f(x)=(1/2"%")&,,,(x). Then f"*Y(x)=¢&(x) and
[ £®*V| . =1. The n-degree interpolating spline of f'is s =0. We therefore
obtain from (1.2)

Aoy =| [ N8 0) £ 0) o = e = )|

I (D]
- on -lt«zkl ' I
EXAMPLE 5.2. We haveA(z,z) A3(3,0)=--- =A7"Y3,v,) =3, an
A3(0,0)=A43(0, 3)= --- =A,7%0,v,) =55, since A, 1(2, n) = 3(%)/22
2

AZ’Z(O,U,‘) &(0)/2°, and &(u)=1, &(u)=2u—1, &u)=2(u
54(u)=(4u3/3)—2u2+§ for ue [0, 1].

—u),
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LEMmA 5.3. Let 0¢7.

(i) For n—k odd and 0>0, |NX0,0)|>|N%u,0)| for any
ue (0, I;(H)]

(i) For n—k even and 0>1%, |NX(1,0)|>|N%u, 0)| for any
ue (3, uy(0)].

Proof. (i) Since sign N¥+!(u, 0) is constant on (0,x**'(0)) and
1r(0) <uk+1(0), it follows from Corollary 2.3(a),(b) that sign 0, N*(u, 0) is
constant on (0, #*(0)). Then the maximum of |[N*(u, 8)| on [0, u%(0)] is at
u=0 because N¥(u*(0), 0)=0. (ii) The proof is similar. ||

THEOREM 5.4. For ue.9%, we have AXu,v,) < A%v,_;.1,v,) +
Aﬁ(vn—k’ v )
Proof. Let ue.#*. Then

jw N5u, 0) &(0) d@’ +2 jw N (u, 0)] d6
— W)

n

Ay(u,v,) =

+2f°° \N*(u, 0)| db.
vhw

|6~ k4 2(1)
= 2n—k+l

For n—k odd, we consider ue [0, u*). Since |N%(0, 0)| = |N%(u, 0)| for
0= y*(u) from Lemma 5.3, we have

|6t 12(3)]

2n—k+1

& k w
AX(u, vn)<M+2J IN%(0, 0)] db < + 450, v,).
0

n 2n—k+1

For n—k even, we consider ue [, 1 —u¥). Since |N4(3, 0)| = [N¥(u, )| for
0= y*(u) from Lemma 5.3, we have

& 1 —u* o
Ak(u, v,) gM_sz |Nﬁ(%, 0)| do
12

2n7k+l

|6 x4 2(1)]
<ﬁ+1‘1ﬁ(%, v |

We obtain (1.12) from Theorems 5.1 and 5.4.

Remark 5.5 (Proof of (1.13) and (1.14)). (a) Let n—k odd. Then
Uy_x=0, U,_p,1=4, and from Theorem 5.1

A];(%a Un) = |éan—k+2(%)|/2n_k+l'
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Also
450, v,) =2 fw INX(0, 0)] do.
0

From the sign properties of N%(0,-) (see Fig.4.1), and G, given by
(2.7)—(2.8), we obtain (1.13).

(b) Letn—k even. Then v, =3, v, ;.1 =0, and from Theorem 5.1

A];(Oa Un) = |£n—k+2(0)|/2n_k+l'

o 1 o
Al ) =2 [ INKG 0 do=2 [ INK3, 0)[do+2 [ [Nk, 0)] do.
1/2 1/2 1
From the sign properties of N%(1,.) (see Fig. 4.2), we have (1.14).

Let us observe that, from (5.1),

G2V g1 ><2>”k“ 1 1

2n7k+l T 2n7k+1 n_nfk+1

which is the lower estimate for (1.15). The upper estimate in (1.15) is
established in Theorem 5.7.

THEOREM 5.6. For any 0 <k <n—1 we have
As(vn)gAl:;(vn—k+1!Un)+%A5+l(Un)' (52)

Proof. Using the regularity of N* and %, and Corollary 2.3(a),(b), we
obtain from (1.6)

D, Akuv,)=[" D,IN4u.0)] do.

— 0

Hence

DA ) <[ NSV @, 0) dO= A5 v,) < AST (0, (53)

Then, for any u€[0, 3], (5.2) follows. |
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THEOREM 5.7. For 1 <k<n—1, we have

(i) for n—k odd, Ak(v,,)<[1 V”“Ll /ntl

M —

2+ n1/2

2 12 1 / 1
(i1) for n—k even, Ak(vn)S{ +n+n«/n+l] —% <2 n .

4 2

Proof. (i) Using (1.13), we obtain

2 1 —a
AX0 <S—
0 00) n+1 < )3 l+a>a£lq2(}in)

e .o, (v,)

pn—k(L O()
(1 7O()n—k+1

, (54)

and from (3.5) and (3.6) we have

2 ] —o 4
Z 7<ﬁ\/l’l+1.

+ 1 e, (v,) 1 +ao

S

But if we consider

t )
®,(1—1 <1—”x7pm(

it can be shown [9] that for m odd

[Pl =D _ 62O

B0, )] <[B,,(0, 0)] = =2 == = =2
Then
U 2 T A (U]
we s, (v,) (l—a)"_k+1 = on—k+1

Hence, from (1.12) and Remark 5.5

A};(Un)<|(§n—k+2(l/2 V16, il

= 2n—k+1 3/2 on— k— 1

Using &, 1(v;) < (2/m)’~ 1, the result follows. (ii) Using (1.14), Theorem 5.6,
and part (i) we obtain (ii). ||

5.2. A Special Result for the Case k=n—1. Using the derivative of
Y"1, we have the following slight improvement.

THeOREM 5.8. max{A4”~Y(0,v,),1/8} < A7 (v,) < max{A4”~Y0,v,),
(up=1/2), 1/8}.
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Proof. From Theorem 54, for wues" ', A" Yu,v,)=|&u)|/8 +
2WmYu, Y~ Y(u)) where

Wi )= "IN}, 0)] do.
y
It follows D, W™= Yu, y” Y (u))=—W"u, " "(u)) <0 and DZW" (u,
Yo w) = N, o~ ()l Dy~ '(w) =0. Then W5~ 'u, = (u)) is a
decreasing contmuous convex function on [0,u”~!') and lim,, _, -1
W™= u, "~ '(u)) =0. Hence for ue [0, u”"")

AL 0,) <5205 )

n—1
u,

n—1
< max {2W’;_1(0,|ﬁz—1(0)), 5 }:max {A;’,_I(O,v,,),u”2 }

The result follows since A7~ (u, v,) <i=A""'%,v,) for ue[ur, 1. 1

ExAMPLE 5.9. Values of A7~ !(v,) for n=2 and 3.
(a) n=2:max{A450,3), 3} <A5(3) <max{A450,3%),u3/2, 4. Since
A;(o, D=2y |/3(1 +a)(1 —ay) where a,=—3+2./2, and ul=
ﬁ)/4 we have A40,1)=1/6./2, ul2=(2—./2)/8, and then

b) n=3:max{43(0,0), 3} <A3(0)<max{A43(0,0),u3/2, §}. Since
A2(0,0) =2 o |/4(1 +o3)(1 —a3) where oy = —2 + /3, and u2 = (3 — /3)/6,
we have 42(0,0) =./3/12, u%/2 = (3 —./3)/12, and then 43(0)=./3/12.

5.3. A Result for Low Values of k. The bounds given by Theorem 5.7
are not the best possible for low values of &, in fact those in (1.10) are
better. The next result improves these bounds under a condition on u*
and u%*1!,

TueoreM 5.10. Let 1<k<n—1. If (—1)"~ % (u* ' —uk) >0, then

o < {2 ] |a@n_k+2<v’;“>|}

2n—k+1 4 2n—k+1

and A%(v,) <1/n" %

Proof. Let n be odd. We know that A%(u, v,) =&, _;,,(u)]/2" %+ for
uelu*, 1. Also, from (5.3), |D,A%u,v,)| < A% (v,) for ue[0, u*). But
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for ue[0,u**Y), A5 Y (u,v,)=|6,_i,1(u)]/2" % Hence, if u* <u**!, for
ue [0, u*) we have

16—t 2(u)]

n 2n7k+l

k
A, v,) < AR, v,)+ [ " AE uv,) du=2
0
and the result follows. The even case can be proved similarly. Finally, the
last bound follows from (5.1). ||

ExampLE 5.11. For n=3 and k=1, we have 4}(0,0)=4 from
Example 5.2. Since u}=4— (ﬁ— 1) ﬁ/6 and u3=73— (\/§/6), we have
u? <u3 and we can apply Theorem 5.10. Since &(u) = (4u® — 6u*+1)/3, we
obtain the desired result.

Examples 3.2, 5.9, and 5.11 complete the proofs of the values given in
Example 1.1.

6. CONCLUSION

In this paper we have analyzed the Peano kernel N%(u, v,, 0) related
to the cardinal spline interpolation problem. We have obtained a new
representation for this kernel and investigated the nature of its zeros. We
have applied these results to get exact explicit expressions for 4%(u, v,) and
AX(v,), and bounds for A%(u, v,) and A%(v,) (optimal only for k =n). We
have obtained good bounds for 4%(v,) for k=1, .., n— 1, but exact explicit
expressions remain to be found in that case. To be more specific, we could
improve the upper bounds in (1.15) if a sharper inequality is obtained
for (5.4).
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